This article presents a new composite body method for numerically forming the inertia matrix and the bias vector of manipulators, which is more efficient than the other two existing types of composite body methods. The main discrepancy of this one from the existing ones is that all points in a manipulator are observed from the origin of the base frame and the distances are all measured from this origin. The required computations of the present method for the inertia matrix and the bias vector of a manipulator with n rotational joints are (10.5n2 + 38.5n -85)M + (6n2 + 39n -70)A and (12.5n2 + 5.5n + 3)M + (9n2 + n)A, respectively, where "M" denotes multiplications, "A" does additions. In numerically forming the inertia matrix, the present method is more efficient than other methods in the literature for a manipulator with five or more joints; whereas this method is also superior to the recursive Newton-Euler formulation in computing the bias vector for a manipulator with six or less joints.
INTRODUCTION
It is well known that the dynamic model of a manipulator can be described (1) with 199 preted with the concept of the augmented bodyI4 as the first moment and the inertia tensor of an augmented b~d y .~,~ Renaud8 and Balafoutis et al.4 adopted this recognition to reformulate the recursive Newton-Euler formulation in terms of these invariant terms, independently, which is found computationally superior to the original one. ' For numerically forming the inertia matrix, there is another method, which was developed by the author of this article in his earlier work.13 The basis of this method is an explicit formulation which relates the entries of the inertia matrix to the partial derivatives of the velocities and angular velocities of links with respect to the joint velocities. The algorithm based on this formulation is only adequate to manipulators with few joints since its computational complexity is of order n3.
This article presents a new type of composite body method for numerically forming the inertia matrix and the bias vector of manipulators. We try to derive a closed-form formulation from the composite body theory of Walker and Orin5 since we believe that a closed-form formulation can improve the efficiency. This is achieved by obseving all points in a manipulator from the origin of the base frame. The formulations are derived in the second and third sections. An algorithm and a comparison of efficiency with other methods are presented in the fourth section. It is shown that the present method is more adequate to industrial manipulators than other methods.
FORMULATION OF THE INERTIA MATRIX
The basic theory of the new composite body method is similar to that of Walker and Orin's. However, the forces and torques and the center of mass of a composite body are all observed in an inertia frame, namely the base frame Eo. And we want to derive a closed-form formulation for the inertia matrix, although some terms in the formulation are still computed in a recursive form. Suppose that a manipulator has n low-pair joints, which are labeled as joint 1 to n outward from the base. Assign a body-fixed frame on each joint, i.e., frame Ei is fixed on joint i. The distance from the origin of E; to that of Ej is designated as $, and the distance from the origin of Ei to the center of mass of linkj as jp (Fig.   1) . Define a composite bodyj as the union of linkj to link n. The mass of the composite bodyj is denoted as m j , and the distance from the origin of the base flame to the center of mass of the composite body as rj. Hence where mi is the mass link i. The inertia tensor of the composite body, Jj , results by using Huygeno-Steiner formula14 to obtain where Ii is the inertia tensor of link i, and [ax] denotes a skew-symmetric matrix representing the vector multiplication (ax), i.e., [axlb = a x b.
The acceleration (rj) of the center of mass and the angular acceleration (aj) of the composite bodyj due to the motion of jointj only (i.e., the other joints are assumed stationary) are where u, is the unit vector along joint j, q, is the displacement of joint j , and (7) 1, for rotational joint j , 0, for translational joint j .
The inertia force (fTj) and torque (to) of the composite bodyj can be obtained using Newton-Euler equations. According to vectorial mechanics, the inertia force and torque can be represented by an equivalent force with an equivalent torque acting at the origin of the base frame, i.e., tm = tTj + rj x fTi = -Jjaj -mjrj x rj 
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Under the situation that only joint j moves and the gravity is neglected, the force and torque exerted on joint m by link m , m I j , are also an equivalent force and an equivalent torque, but acting on joint m , of the inertia force and torque of the composite body j . The actuator force applied on joint m is to resist the component of the force or torque exerted on joint m by link m along the direction of joint m . Therefore, we get the actuator force of joint m due to qj, Recalling (1) while setting b = 0 and all qi = 0, i # j , we have too, where Hmj is the (mj)th-entry of H. Since H is symmetric, we just need to consider the upper triangular matrix, i.e., m I j . Substituting (4)- (9) into (10) yields This is the formulation of the inertia matrix based on the new composite body method. All vectors and the inertia tensors in this formulation are represented with respect to the base frame. Since the result of the formulation is a scalar, it is independent of the choice of the coordinate frame for the representation. Therefore, the transformation from the base frame to another frame for the representations of vectors and inertia tensors in the formulation does not change the result. It can be shown that the representations of vectors and inertia tensors with respect to the local frame Ej can save quite many computations.
For brevity, we denote where superscript "(j)" denotes the representation of a vector or an inertia tensor with respect to frame Ej. Jj is the inertia tensor of the composite body j about the origin of the base frame in contrast to that about the center of mass of the composite body Jj. pj is the first moment of the composite body j about the origin of the base frame. Note that where j+lR is a 3 x 3 matrix representing the coordinate transformation from frame Ej to frame E j + l . The proof of (17) is as follows. Suppose a(j+') = A(j+')b(j+l), where a, b are vectors, A is a matrix mapping b to a. Thus,
where E is an identity matrix, then
It is easy to show that 
Finally, we establish the following recursive algorithm for the variables in 
FORMULATION OF THE BIAS VECTOR
A formulation for the bias vector based on the same composite body concept is derived in this section. First, we should know the properties of the bias vector. The mth component of the bias vector is in the form of where qm contains the gravity, and the first term on the right-hand side is composed of Coriolis and centripetral forces and has the following properties:
which can be derived from Christoffel symb01.~~~ Thus, we are only concerned with Dmkj, k 5 j and m < j ; the others can be directly obtained using the above
relations (32)-(34).
We rewrite (31) as follows,
This equation indicates that the bias vector is influenced by joint velocities in pairs. To derive Dmkj, we can just assume that joints k and j, k < j, move at constant speed (Le., q k = = 0 ) and other joints are kept stationary. Under this situation, the angular velocity and acceleration of the composite body j are, respectively,
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In (37), the differential rule for a vector in a rotating frame is applied. The equation for the acceleration of point p fixed in a moving frame is
where a. , vo are the acceleration and velocity of the origin of the moving frame;
w , a are the angular velocity and acceleration of the frame, r is the distance from the origin of the frame to point p. On the right-hand side of (38), the second term is the centripetral acceleration, the third term is the tangential acceleration and the last term is Coriolis acceleration. Applying this equation, we obtain the acceleration of the origin of joint j , and then the acceleration of the center of mass of the composite body j, It should be remarked that
For the present case, the bias vector without the gravity term is
As was mentioned above, we are only concerned with Dmkj and Dmj. Therefore, only the terms with q k q j and qf in (37) and (40) are necessary to be taken in 
Although the inertia forces of links k to j -1 are not zero in the present case, they can be neglected since they have only the terms with qi. We use (37), (40), and (44) instead of (3, (6), and (9) to repeat the procedure in the previous section, and finally get It follows from (34) that
In the derivation of (45) and (46), the following relations were first substituted into (40) and (44),
The final form of (46) is obtained by applying the following further equalities,
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Journal of Robotic Systems-1 991 Equation (51) follows from (4), (21), (23) and It is worth mentioning that all variables in (46) can also be computed with the recursive algorithm (24)-(30). That means, Hmj and dmj are related to the same variables. However, to compute Dm, is still time-consuming. Combining ( 3 9 , ( 4 9 , and (47), we can alternatively compute the bias vector without the gravity term in a more efficient form of where i-I which can be calculated in a forward recursive form of and It is apparent that Sy) = 0 for j < NfR if the first ( N f R -1) joints are translational. Therefore, we should keep in mind that dmj for j < N~R is unnecessary to be calculated in forming the bias vector.
It is much easier to derive the gravity term, qm, in the bias vector. Assume the manipulator is stationary, i.e., 4; = qi = 0 for all i. The forces exerted on the manipulator are gravitational forces only. The gravitational force of the composite b o d y j is mjg acting at the center of mass, where g is the gravitational acceleration. The actuator force applied on jointj is to resist the component of the force or torque exerted on jointj by linkj along the direction of jointj, i.e.,
ALGORITHM
The literature13.15 has shown that the choice of a body-fixed coordinate system plays an essential role in the computation efficiency of kinematic and dynamic problems of manipulators. In the the normal driving-axis coordinate system (also called the modified Denavit-Hartenberg notationt6) was This experience is adopted again to establish an algorithm for the formulations derived above.
In the normal driving-axis coordinate system (Fig. 2) , the z-axis of a bodyfixed frame is the driving axis of the corresponding link, i.e., uji) = [O 0 l l T . And the distance from the origin of frame Ei-l to frame Ei is ;-:di-l) = [bi, -di Since it is recommended to assign the base frame Eo coincident with frame El in the null-position configurati~n,'~ the distance between the origins of Eo and El is then zero. Thus, The terms, which are constant and can be calculated in advance, are listed in the part "initialization" of the algorithm shown in 1-1
tThe terms enclosed within a box should be excluded when it is to form the inertia matrix only. 
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Journal of Robotic Systems-1 991 The estimate of the required computations is based on the reformulated one in the work;" but the estimated computations herein are 2(3M + 3A)(n -1) less than those in the work13 since baT - i-i'R with a general vector can be reduced to 8M 4A instead of 8M 5A because the (1,2)th, (1,3)th, (2,2)th, and (2,3)th entries of i-i'R can be factorized, where "M" denotes multiplications, "A" does additions. The required computations for a manipulator with n rotationaljoints are (23n2 + 44n -82)M + (15n2 + 40n -70)A. If we delete the terms enclosed with a rectangle in Figure 3 , it turns out to be an algorithm only for the inertia matrix while the coordinate transformation matrices are assumed to be calculated in some other method for the bias vector. The operations for the inertia matrix are then (10.5n2 + 38.5n -85)M + (6n2 + 39n -70)A. This implies that the algorithm takes (12.5n2 + 5.5n + 3)M + (9n2 + n)A more operations if, in addition to the inertia matrix, the bias vector is also computed with the new composite body formulation. The algorithm is verified by a FORTRAN program, whose numerical results are found the same as those of other methods.
cally forming the inertia matrix is shown in Table I . It is apparent that the present method is the most efficient for computing the inertia matrix of a manipulator with five or more joints, whereas the algorithm described in the workt3 is preferable for a manipulator with 4 or less joints. The present method is also superior to the most efficient algorithms of the recursive Newton-Euler formulation3y4 in numerically forming the bias vector for a manipulator with six or less joints, which can be seen from Table 11. A comparison of the efficiency of this algorithm with the others in numeri-.
CONCLUSION
A new efficient composite body method has been derived. It is found that the algorithm of this method to numerically form the inertia matrix is more efficient than the earlier works for a manipulator with five or more joints. For a manipulator with six or less joints, it is also recommended to use the present method to compute the bias vector. The secret of the present method lies in that all points are referred to the base frame. Since the distances are all measured from the same point (the origin of the base frame), the coefficients in second-order part (n2) of the required computations are reduced in comparison with the other types of composite body methods. We have also tried to reformulate the new composite body formulations by changing the reference point from the origin of the base frame to that of any body-fixed frame. However, the required computations increase. Someone would suggest to apply the concept of the identical reference point to Renaud's formulation. Unfortunately, the invariant property of the inertia parameters in Renaud's formulation will be destroyed.
To accomplish the dynamic simulation, we still need a linear equation solver and an integration technique. According to the numerical experiment,I3 it is preferable to use the LDLT decomposition to solve the linear equations and to apply the fourth order Adams-Bashforth integration method for the dynamic simulation of manipulators.
have applied the parallel computation process to Walker and Orin's r n e t h~d .~ The parallel computation process can also apply to the present method.
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APPENDIX: ALGORITHM OF RENAUD'S FORMULATION
Renaud's formulation for generating the inertia matrix of a manipulator with only rotational joints is presented in references 6 and 7. The extension to a general manipulator is derived by B~r d i c k .~ Vukobratovic et a1.I0 extended Renaud's formulation to the bias vector for a manipulator with only rotational joints, and proposed an algorithm of Renaud's formulation based on the modified Denavit-Hartenberg notation for numerically forming the inertia matrix and the bias vector. However, the distance between the origins of two adjacent frames was mistaken to i-{s(i-l) = [bi, 0, diIT (cf. (5.2) in the worklo and the fourth section of this article). The required computations were, thereafter, underestimated. For the purpose of comparing the efficiency of several methods for numerically forming the inertia matrix, we re-establish an algorithm of Renaud's formulation in a natural programming language in Figure A1 . Figure A1 . Algorithm of Renaud's formulation for the inertia matrix.
The general form of Renaud's formulation is9 where the notation is identical to that in the above text except that 4 and j j are the first moment and the inertia tensor of the composite bodyj about the origin of frame Ei, respectively. then we get from (A2)-(A4). It should be remarked that most of works4J2 dealing with Renaud's invariant terms made a mistake that (A5) and (A6) with "1" replacing K7+l were still seen as invariant to the manipulator motion for translational joint j + 1 . In fact, j+)sG) for translational joint j + 1 varies with dj+l, the joint displacement of translational joint j + 1. The required computations of (Al) for a manipulator with n rotational joints are (13.5n2 + 22.5n -68)M + (9nZ + 26n
The algorithm proposed by Fijany and Bejczy11J2 uses the recursive forms (A7) and (A8) to calculate the equivalent force (fEij) and couple ( t E j j ) , at the origin of frame j, of the inertia force and torque of the composite-body j due to -64)A. The first terms on the right-hand sides of (A10) and (All) were erroneously ignored in the worklZ (cf. Fijany and Bejczy found that the selection of frame k = 2" or the frame of the end-effector12 to represent 6; ; . and t : ;
can make the algorithm more efficient than the selection of other frame. However, H j and Hmj, m < j can be expanded explicitly to be (Al), which is more efficient than Fijang and Bejczy's algorithm (Table I) .
